A GARDEN OF EDEN THEOREM FOR LINEAR 

SUBSHIFTS 



TULLIO CECCHERINI-SILBERSTEIN AND MICHEL COORNAERT 

Abstract. Let G be an amenable group and let V be a finite- 
dimensional vector space over an arbitrary field K. We prove that 
if X C V G is a strongly irreducible linear subshift of finite type 
and t : X — > X is a linear cellular automaton, then r is surjective if 
and only if it is pre-injective. We also prove that if G is countable 
and X C V G is a strongly irreducible linear subshift, then every 
injective linear cellular automaton r : X — > X is surjective. 



I. Introduction 

The goal of this article is to give a version of the Moore-Myhill Gar- 
den of Eden theorem for linear cellular automata defined over certain 
linear subshifts. Before stating our main results, let us briefly recall 
some basic notions from symbolic dynamics. 

Consider a group G and a set A. The set A G = {x: G — > A} is 
called the set of configurations over the group G and the alphabet A. 
We equip A G = Yl g eG^ with its prodiscrete topology, i.e., with the 
product topology obtained by taking the discrete topology on each 
factor A of A G . We also endow A G with the left action of G defined by 
gx{h) = x(g~ l h) for all g,h G G and x G A G . This action is continuous 
with respect to the prodiscrete topology and is called the G- shift action 
on A G . It is customary to refer to the G-space A G as the full shift over 
the group G and the alphabet A. 

A closed G-invariant subset of A G is called a subshift. 

For x G A G and Q C G, let x\q denote the restriction of x to tt. One 
says that a subshift X C A G is irreducible if, for every finite subset 
Q C G and any two configurations x\ and Xi in X, there exist an 
element g G G and a configuration x G X such that x\q = Xi\q and 

Given a finite subset A C G, one says that a subshift X C A G is 
A-irreducible if the following condition is satisfied: if Q± and Q2 are 
finite subsets of G such that there is no element g G ^2 such that the 
set gA meets Q\ then, given any two configurations xi,X2 G X, there 
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exists a configuration x G A such that x\^ = Xi\q x and x\q 2 = x 2 |a 2 . 
A subshift A C A G is said to be strongly irreducible if there exists a 
finite subset A C G such that X is A-irreducible (cf. [TTJ Definition 
4.1]). Note that if G is infinite then every strongly irreducible subshift 
is irreducible. A trivial example of a strongly irreducible subshift is 
provided by the full shift A G which is A-irreducible for A = {1g}- 
If D is a finite subset of G and L is a subset of A D , then 

(1.1) X G (D,L) = {x G A G : (g- l x)\ D G L for all g G G} 

is clearly a subshift of A G . A subshift X C A G is said to be of finite 
type if there exist a finite subset D C G and a subset L C A D such 
that A = Xg{D,L). One then says that the finite subset D C G is 
a defining window and that L C v4 D is a defining law, relative to the 
defining window D, for the subshift A. Note that the full shift A G 
is a subshift of finite type of itself admitting D = {1g} as a defining 
window with defining law L = A D = A. 

A map t : A — > Y between subshifts A, Y C A G is called a cellular 
automaton if there exist a finite subset McG and a map /i : A M — > A 
such that 

(1.2) r(x)(g) = fi((g~ 1 x)\M) for all x G A and g E G. 

Such a set M is then called a memory set and /x is called a /oca/ defining 
map for r. It immediately follows from the above definition that every 
cellular automaton r: A — > Y is continuous and G-equivariant. 

If r : A — )■ A is a cellular automaton from a subshift A C A G into it- 
self, a configuration xo G A is called a Garden of Eden configuration for 
r if xo is not in the image of r. The origin of this biblical terminology 
comes from the fact that a configuration xq G A is a Garden of Eden 
configuration for r if and only if, whatever the choice of an initial config- 
uration x G A, the sequence of its iterates x, t(x), t 2 (x), . . . , r n (x), . . . 
can only take the value Xq at time n = 0. 

Two configurations in A G are said to be almost equal if they coin- 
cide outside a finite subset of G. One says that a cellular automaton 
r : A — 7- K between subshifts A, K C v4 G is pre-injective if whenever 
two configurations x±,X2 G A are almost equal and satisfy t(x\) = 
t(x2) then one has x± = x-i- Injectivity clearly implies pre-injectivity 
but there are pre-injective cellular automata which are not injective. 

The classical Garden of Eden theorem [7j states that if r: A G — > A G 
is a cellular automaton defined on the full shift over an amenable group 
G and a finite alphabet A, then the surjectivity of r (i.e., the absence of 
Garden of Eden configurations for r) is equivalent to its pre-injectivity 
(see Subsection 12.21 for the definition of amenability). 

The Garden of Eden theorem was extended by F. Fiorenzi to cellular 
automata r: A — > X for subshifts A C A G with A finite in the fol- 
lowing two cases: (1) G = Z and A C A z is an irreducible subshift of 
finite type [lUl Corollary 2.19]; (2) G is a finitely generated amenable 
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group and X C A G is a strongly irreducible subshift of finite type [Tlj 
Corollary 4.8]. 

Now let G be a group, IK a field, and V a vector space over K. Then 
there is a natural product vector space structure on V G and the shift 
action of G on y G is clearly K-linear with respect to this vector space 
structure. One says that a subshift X C K G is a linear subshift if X is 
a vector subspace of y G . Given linear subshifts X, Y C l^ G , a cellular 
automaton r : X — >• Y is called a linear cellular automaton if the map r 
is K-linear. Note that if X, Y C ^ G are linear subshifts and r : X — > K 
is a linear cellular automaton, then the pre-injectivity of r is equivalent 
to the fact that the zero configuration is the unique configuration with 
finite support lying in the kernel of r. 

In [21 Theorem 1.2] and [HI Corollary 1.4], we proved the following 
linear version of the Garden of Eden theorem: 

Theorem 1.1. Let G be an amenable group, IK a field, and V a finite- 
dimensional vector space over K. Let r : V G — > V G be a linear cellular 
automaton. Then r is surjective if and only if it is pre-injective. 

The main result of the present paper is the following: 

Theorem 1.2. Let G be an amenable group, IK afield, and V a finite- 
dimensional vector space over K. Let X C V G be a strongly irreducible 
linear subshift of finite type and let r : X — >■ X be a linear cellular 
automaton. Then r is surjective if and only if it is pre-injective. 

Note that Theorem 1 1 . 1 1 may be recovered from Theorem ll.2l by taking 
X = V G . 

A group G is said to be surjunctive [13] if, for any finite alphabet A, 
every injective cellular automaton r: A G — > A G over G is surjective. It 
was shown by W. Lawton (cf. [13]) that all residually finite groups are 
surjunctive. On the other hand, as injectivity implies pre-injectivity, 
it immediately follows from the Garden of Eden Theorem [7] that all 
amenable groups are surjunctive. More generally, M. Gromov [15] and 
B. Weiss [22] proved that all sofic groups are surjunctive. The class of 
sofic groups includes in particular all residually amenable groups and 
therefore all residually finite groups as well as all amenable groups. As 
far as we know, there is no example of a non-surjunctive nor even of a 
non-sofic group in the literature up to now. 

By analogy with the classical finite alphabet case, the following def- 
inition was introduced in [U Definition 1.1]. A group G is said to 
be L-surjunctive if, for any field K and any finite-dimensional vector 
space V over IK, every injective linear cellular automaton r: V G — » V G 
is surjective. It turns out (see [4]) that a group G is L-surjunctive if 
and only if G satisfies Kaplansky's stable finiteness conjecture, that 
is, the group algebra K[G] is stably finite for any field K (recall that 
a ring R is said to be stably finite if every one-sided invertible square 



4 



TULLIO CECCHERINI-SILBERSTEIN AND MICHEL COORNAERT 



matrix over R is also two-sided invertible). A linear analogue of the 
Gromov- Weiss theorem, namely that all sofic groups are L-surjunctive, 
was established in jU Theorem 1.2]. From this result we deduced that 
sofic groups satisfy the Kaplansky conjecture on the stable finiteness of 
group algebras, a result previously established - with completely differ- 
ent methods involving embeddings of the group rings into continuous 
von Neumann regular rings - by G. Elek and A. Szabo j9]. 

Now, given a group G and a vector space V over a field K, let us say 
that a linear subshift X C V G is L-surjunctive if every injective linear 
cellular automaton r : X — > X is surjective. An immediate consequence 
of Theorem 11.21 is the following: 

Corollary 1.3. Let G be an amenable group, IK a field, and V a finite- 
dimensional vector space overK. Then every strongly irreducible linear 
subshift of finite type X C V G is L-surjunctive. 

In fact, when the amenable group G is assumed to be countable, we 
can remove the hypothesis that the subshift X is of finite type in the 
previous statement so that we get: 

Theorem 1.4. Let G be a countable amenable group, IK afield, and V a 
finite- dimensional vector space over K. Then every strongly irreducible 
linear subshift X C V G is L-surjunctive. 

We do not know whether Theorem 1 1 . 41 remains true if the countability 
assumption is removed. 

The paper is organized as follows. Section [2] contains the necessary 
preliminaries and background material. We recall in particular the 
definition and main properties of mean dimension for vector subspaces 
of configurations X C V G , where G is an amenable group and V a 
finite-dimensional vector space. In Section [3] we study mean dimen- 
sion of strongly irreducible linear subshifts. We prove that if X C V G 
is a strongly irreducible linear subshift then the mean dimension of 
X is greater than the mean dimension of any proper linear subshift 

Y Q X (Proposition 13. 2j) . This result implies in particular that every 
nonzero strongly irreducible linear subshift has positive mean dimen- 
sion (Corollary 13. 3p . In Section |4] we use the Mittag-Lefner lemma for 
projective sequences of sets to prove that if G is a countable group, 

V a finite-dimensional vector space, and X C V G a linear subshift, 
then every linear cellular automaton r: X — >■ V G has a closed image 
in V G for the prodiscrete topology. This enables us to prove Theorem 
11.41 The closed image property of linear cellular automata is extended 
to possibly uncountable groups in Section [5] under the additional hy- 
pothesis that the source linear subshift X has finite type. The proof 
of our Garden of Eden theorem (Theorem IX . 2j) is given in Section [6j It 
consists in showing that both the surjectivity and the pre-injectivity of 
t are equivalent to the fact that the linear subshifts X and r{X) have 
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the same mean dimension (cf. Corollary 16 .4p . In the last two sections 
we describe some examples of linear cellular automata which are either 
pre-injective but not surjective or surjective but not pre-injective. 

2. Preliminaries and background 

In this section we collect some preliminaries and background material 
that will be needed in the sequel. 

2.1. Neighborhoods, (see [3j Section 2]) Let G be a group. 

Let E and fl be subsets of G. The E- neighborhood of Q is the subset 
Q +E C G consisting of all elements g G G such that the set gE meets 
Q. Thus, one has 

Q+ E = { g e G : gE n ft + 0} = (J Qe' 1 = OET 1 . 

Remark. The definition of A-irreducibility given in the introduction 
may be reformulated by saying that, given a group G, a set A, and a 
finite subset A C G, a subshift X C A G is A- irreducible if the following 
condition is satisfied: if Qi and Q 2 are finite subsets of G such that 
fi+ A n tt 2 = then, given any two configurations Xx,x% G X, there 
exists a configuration x G X such that x coincides with x\ on fij and 
with x 2 on f2 2 - 

The following facts will be frequently used in the sequel: 

Proposition 2.1. Let G be a group. Let E and Q be subsets of G. 
Then the following hold: 

(i) if 1 G G E, then Q C tt +E ; 

(ii) if g G G, then g{Vt +E ) = (gQ) +E so that we can omit parentheses 
and simply write gfl +E instead; 

(iii) if Q and E are finite, then Q +E is finite. 

Proof. This immediately follows from the definition of Q + E. □ 

Proposition 2.2. Let G be a group and let A be a set. Let t : A G — > A G 

be a cellular automaton with memory set M. Suppose that there is a 
subset n C G and two configurations x,x' G A G such that x and x' 
coincide on fl. Then the configurations t(x) and t(x') coincide outside 
(G\Q) +M . 

Proof. It suffices to observe that (11.21) implies that r(x)(g) depends 
only on the restriction of x to gM. □ 

2.2. Amenable groups, (see for example [H], [2T]) A group G is said 
to be amenable if there exists a left-invariant finitely-additive proba- 
bility measure defined on the set V(G) of all subsets of G, that is, a 
map m: V(G) — » [0, 1] satisfying the following conditions: 

(A-l) m(A UB) = m(A) + m(B) - m(A n B) for all A,B e V(G) 
(finite additivity); 
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(A-2) m(G) = 1 (normalization); 

(A-3) m(gA) = m(A) for all g G G and A G V{G) (left-invariance). 

By a fundamental result of E. F0lner [12], a group G is amenable if 
and only if it admits a net J 7 = (Fj)j £ j consisting of nonempty finite 
subsets Fj C G indexed by a directed set J such that 



(2.1) — ^ = for every finite subset E C G, 



1^, 



where we use | • | to denote cardinality of finite sets. Such a net T is 
called a right F0lner net for G. 

All finite groups, all solvable groups, and all finitely generated groups 
of subexponential growth are amenable. On the other hand, if a group 
G contains a nonabelian free subgroup then G is not amenable. 

2.3. Tilings, (see [3J Section 2]) Let G be a group. Let E and F be 
subsets of G. A subset T C G is called an (£", F)-tiling if it satisfies 
the following conditions: 

(T-l) the subsets gE, g G T, are pairwise disjoint; 
(T-2) G = U p6 r^- 

Note that if T is an F)-tiling then it is also an (E', F')-tiling for 
all E', F 1 such that E' C E and FcF'c G. 

An easy consequence of Zorn's lemma is the following: 

Lemma 2.3. Let G be a group. Let E be a nonempty subset of G and 
let F = EE^ 1 = {ab^ 1 : a, b G E}. Then G contains an (E, F) -tiling. 

Proof. See [21 Lemma 2.2]. □ 

In amenable groups we shall use the following lower estimate for the 
asymptotic growth of tilings with respect to F0lner nets: 

Lemma 2.4. Let G be an amenable group and let (Fj)j e j be a right 
F0lner net for G. Let E and F be finite subsets of G and suppose that 
T C G is an (E, F) -tiling. For each j G J, let Tj be the subset of T 
defined by Tj = {g G T : gE C Fj}. Then there exist a real number 
a > and an element jo G J such that \Tj\ > oc\Fj\ for all j > jo- D 

Proof. See [31 Lemma 4.3]. □ 



2.4. Mean dimension. Let G be an amenable group, J 7 = (Fj)j e j a 
right F0lner net for G, and V a finite-dimensional vector space over 
some field K. Given a subset Q C G, we shall denote by ttq : V G —> V n 
the projection map. Observe that 7Tq is K-linear for every Q C G. 
Observe also that the vector space V Q is finite-dimensional if Q is a 
finite subset of G. 
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Let X be a vector subspace of V G . The mean dimension mdimjr(X) 
of X with respect to the right F0lner net J 7 is defined by 



where we use dim(-) to denote dimension of finite-dimensional K- vector 
spaces. 

It immediately follows from this definition that mdimjr( V G ) = dim(V) 
and that mdimj-(X) < mdimj-(y) whenever X and Y are vector 
subspaces of V G such that X C Y. In particular, we have < 
mdimjr(X) < dim(V) for every vector subspace X C V G . 

An important property of linear cellular automata is the fact that 
they cannot increase mean dimension of vector subspaces: 

Proposition 2.5. Let G be an amenable group, J 7 = (Fj)j e j a right 
F0lner net for G, and V a finite dimensional vector space over a field 
K. Let r: V G — > V G be a linear cellular automaton and let X C V G 
be a vector subspace. Then one has mdimjr(r(X)) < mdimjF(X). 



Remark. It may be shown that if G is an amenable group, J 7 a right 
F0lner net, V a finite-dimensional vector space, and X C V G a linear 
subshift, then the limsup in the definition of mdimjr(X) is in fact a 
true limit and that mdimjr(X) is independent of the choice of the right 
F0lner net T for G. These two important facts can be deduced from 
the theory of quasi-tiles in amenable groups developed by D. Ornstein 
and B. Weiss in [20] (see [T6], [5], [IS])- However, we do not need them 
in the present paper. 

2.5. Reversible linear cellular automata. Let G be a group and 
let A be a set. A cellular automaton r: X — > Y between subshifts 
X,Y G A G is said to be reversible if r is bijective and the inverse map 
t -1 : Y — > X is also a cellular automaton. 

It is well known that every bijective linear cellular automaton r : X — > 
Y between subshifts X, Y C A G is reversible when the alphabet A is 
finite (this may be easily deduced from the compactness of A G and 
the Curtis-Hedlund theorem [18] which says that, when the alphabet 
A is finite, a map between subshifts of A G is a cellular automaton if 
and only if it is continuous and G-equivariant). On the other hand, 
if G contains an element of infinite order and A is infinite then one 
can construct a bijective cellular automaton r : A G — > A G which is not 
reversible (see [2[ Corollary 1.2]). Similarly, if G contains an element 
of infinite order and V is an infinite-dimensional vector space then one 
can construct a bijective linear cellular automaton r: V G — > V G which 
is not reversible (see [21 Theorem 1.1]). 

The following result is proved in [I]: 



(2.2) 



mdinijr(X) = limsup 

i 



dim(7r Fj (X)) 
\Fi\ 



Proof. See [21 Proposition 4.7]. 



□ 
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Theorem 2.6. Let G be a countable group, V a finite-dimensional 
vector space over a field K, and X, Y C V G two linear subshifts. Then 
every bijective linear cellular automaton r: X Y is reversible. 



We will use the fact that mean dimension of linear subshifts is pre- 
served by reversible linear cellular automata: 

Proposition 2.7. Let G be an amenable group, J 7 = (Fj)j & j a right 
F0lner net for G, and V a finite dimensional vector space over a field 
K. Let X, Y C V G be two linear subshifts. Suppose that there ex- 
ists a reversible linear cellular automaton t: X — >■ Y. Then one has 
mdimj-(X) = mdim.j?(Y). 

Proof. As r: X — > Y is a surjective linear cellular automaton, we 
have mdimjr(y) < mdinij-(X) by Proposition 12.51 Similarly, we have 
mdinij-(X) < mdinijr(y) since r _1 : Y — > X is a surjective linear cel- 
lular automaton. Thus we have mdimjr(X) = mdimjr(y). □ 

By combining Theorem 12.61 and Proposition 12. 7\ we get: 

Corollary 2.8. Let G be a countable amenable group, J 7 = (Fj)j £ j a 
right F0lner net for G, and V a finite dimensional vector space over 
a field K. Let X, Y C V G be two linear subshifts. Suppose that there 
exists a bijective linear cellular automaton r: X — >■ Y. Then one has 
mdimj-(X) = mdimjr(y). □ 

3. Mean dimension of strongly irreducible linear 

subshifts 

This section contains results on mean dimension of strongly irre- 
ducible linear subshifts. We start with a slightly technical lemma which 
will also be used in the next section: 

Lemma 3.1. Let G be an amenable group, J 7 = (Fj)j £ j a right F0lner 
net for G, and V a finite- dimensional vector space over a field K. Let 
X C V G be a strongly irreducible linear subshift and let A be a finite 
subset of G such that 1 G 6 A and X is A-irreducible. Let D, E and 
F be finite subsets of G with D +A C E. Suppose that T C G is an 
(E, F) -tiling and that Z is a vector subspace of X such that 



for all g G T. Then one has mdimjr(Z) < mdimj-(X). 

Proof. As in Lemma [531 let us define, for each j G J, the subset Tj C T 
by Tj = {g G T : gE C Fj}. Observe that, for all j G J and g G Tj, 



Proof. See jU Theorem 3.1]. 



□ 



(3.1) 



n gD (Z) C ir gD (X) 
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g G Tj, by 7r^,: V Fj — > V gD the natural projection map. Consider, for 
each j G J, the vector subspace ir F .(X) C 71"^. (X) defined by 

tt* f .(X) = {qe it Fj {X) : n%{q) G n gD (Z) for all g G 7}}. 
We claim that 

(3.2) dim^X)) < dim(7r F ,(X)) - \Tj\ 
for all j G J. 

To prove our claim, let us fix an element j G J and suppose that Tj = 
{di, 92, ■ ■ ■ , g m }, where m = |2)|. Consider, for each « e {0,1,..., m}, 
the vector subspace n F (X) C 7Tf.(X) defined by 

tt»(X) = {qe n Fj (X) : ^(g) G tt^(Z) for all 1 < k < i}. 
Note that 

n%(x)c4; l) (x) 

for all % = 1, 2, . . . , m. Let us show that 

(3.3) dining (X)) < dim(vr F .(X)) - % 

for all i G {0, 1, . . . , m}. Since n^\X) = tt£. (X), this will prove fl3~2l . 

To establish (I3.3p . we use induction on i. For i = 0, we have 
7rp?(X) = 7t_f.(X) so that there is nothing to prove. Suppose now that 
dim(iTp. ^(X)) < dim(7Ti?.(X)) — (i — 1) for some i < m — 1. By hypoth- 

3 3 

esis (13.11) . we can find an element p G n g . D (X) \ir g . D (Z). As (giD) +A = 
giD +A C giE and X is A-irreducible, there exists an element x G X 
such that 7i 9iD (x) = p and x is identically zero on Fj \ g^E. Now ob- 
serve that TXp. (x) G 7r^ _1 ^(X) since the sets g\D, g2D, . . . , gi-\D are all 

contained in \giE. On the other hand, we have 71"^ (sc) ^ 7r^(X) as 
7r g i i)(a ; ) = P ^ K giD (Z). This shows that 7r^(X) is strictly contained 
in tt^ 1) (X). Hence we have dim(7r^(X)) < dim( 7 r^~ 1) (X)) - 1 < 
(dim(7r i r ; (X)) — (z — 1)) — 1 = dim(7r Fj (X)) — i, by using our induction 
hypothesis. This establishes (13.31) and therefore (13.21) . 

By Lemma 12.41 we can find a real number a > and an element 
jo G J such that |Tj| > a\Fj\ for all j > j . Since 7rp.(Z) C tt f (X), 
we deduce from (13.21) that dim(n Fj (Z)) < dim(7r^. (X)) — a\Fj\ for all 
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j > Jo, so that 



mdinijr(Z) = limsup- 



3 Wj\ 

dim(n Fj (X)) 

< Iim sup — — a 

j I | 

= mdmi^X) — a 

< mdimj-(X). □ 

Proposition 3.2. Let G be an amenable group, J 7 = (Fj)j £ j a right 
F0lner net for G, and V a finite- dimensional vector space over a field 
K. Let X C V G be a strongly irreducible linear subshift and Y C 
V G a linear subshift such that Y S X . Then one has mdinijr(Y) < 
mdimj-(X). 

Proof. As Y S X and Y is closed in V G for the prodiscrete topology, 
we can find a finite subset D C G such that ttd(Y) S 7r£)(X). By the 
G-invariance of X and Y, this implies 

(3-4) 7r gD (F) C ^(X) 

for all g £ G. 

Let A be a finite subset of G such that 1g 6 A and X is A- 
irreducible, and take E = D +A . By virtue of Lemma 12. 3[ we can 
find a finite subset F C G and an (J5, i 7 ')-tiling T C G. Then, by 
taking Z — Y, all the hypotheses in Lemma 13.11 are satisfied so that 
we get mdimjr(y) < mdimj-(X). □ 

Corollary 3.3. Let G be an amenable group, T = (Fj)j e j a right 
F0lner net for G, and V a finite-dimensional vector space over a field 
K. Let X C V G be a nonzero strongly irreducible linear subshift. Then 
one has mdimjr(X) > 0. 

Proof. It suffices to apply Proposition 13.21 bv taking Y = {0}. □ 



Corollary 13.31 becomes false if we suppress the hypothesis that X is 
strongly irreducible even for irreducible linear subshifts of finite type 
as the following example shows. 

Example 3.1. Take G = I? and the F0lner sequence T = (F n ) n >i 
given by F n = {0, 1, . . . , n — l} 2 for all n > 1. Let IK be a field, V a 
nonzero finite-dimensional vector space over IK, and consider the subset 
X C V G defined by 

X = {x E V G : x(g) = x(h) for all g,h G G such that p(g) = p(h)}, 

where p:Z 2 = ZxZ— \ 7L denotes the projection onto the second 
factor. In other words, X consists of the configurations which are 
constant on each horizontal line in Z 2 . Observe that X is a linear 
subshift of finite type with defining window D = {(0, 0), (1, 0)} and 
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defining law L = {y G V D : y(0, 0) = y(l, 0)}. On the other hand, X is 
irreducible. Indeed, this immediately follows from the fact that if Q is 
a finite subset of G, then we can translate Q vertically to get a subset 
Q' C 7j 2 such that fl and Q' have disjoint images under the projection 

P- 

However, we have dim(7TF n (X)) = ndim(V) and \F n \ = n 2 for all 
n > 1 so that mdinijr(X) = lim^oo n~ x dim(V r ) = 0. 

4. The Mittag-Leffler lemma and the closed image 
property for linear subshifts 

This section contains the proof of Theorem 11.41 
Let G be a group and let A be a set. 

Suppose first that A is finite and let r: X — > A G be a cellular au- 
tomaton, where X C A G is a subshift. It immediately follows from 
the compactness of X and the continuity of r that the image t(X) is 
closed in A G for the prodiscrete topology. As r is G-equi variant, we 
deduce that t(X) is a subshift of A G . 

If C7 contains an element of infinite order and A is infinite then one 
can construct a cellular automaton r: A G — > A G whose image is not 
closed in A G (see [21 Corollary 1.4]). Similarly, if G contains an element 
of infinite order and V is an infinite-dimensional vector space then one 
can construct a linear cellular automaton r : V G — > V G whose image is 
not closed in V G (see [21 Theorem 1.3]). 

On the other hand, if A = V is a finite-dimensional vector space 
over a field IK and r: V G — > V G is a linear cellular automaton, then 
the image of r is closed in V G (see [31 Lemma 3.1] for G countable and 
[HI Corollary 1.6] in the general case, see also [151 Section 4.D]). As r is 
G-equivariant and K-linear, this implies that t(V g ) is a linear subshift 
of V G . 

In this section we extend this last result to linear cellular automata 
r: X — > V G , where G is a countable group, V is a finite-dimensional 
vector space, and X C V G is a linear subshift. The key point in the 
proof relies in a general well known result, namely the Mittag-Leffler 
lemma for projective sequences of sets. This version of the Mittag- 
Leffler lemma may be easily deduced from Theorem 1 in [H TG II. 
Section 5] (see also [T71 Section 1.3]). We give an independent proof 
here for the convenience of the reader. Let us first recall a few facts 
about projective limits of projective sequences in the category of sets. 

Let N denote the set of nonnegative integers. A projective sequence 
of sets consists of a sequence (X n ) ngN of sets together with maps 
f nm : X m — > X n defined for all m > n which satisfy the following 
conditions: 

(PS-1) f nn is the identity map on X n for all n EN; 

(PS-2) f n k = fnm ° fmk for all 71, 771, k G N SUch that k > 771 > 77. 
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Such a projective sequence will be denoted (X n , f nm ) or simply (X n ). 
The projective limit \jmX n of the projective sequence (X n , f nm ) is the 
subset of rineN^n consisting of the sequences (x n ) ne N satisfying x n = 
fnm{xm) for all n, 771 G N such that n < m. 

We say that the projective sequence (X n ) satisfies the Mittag-Leffler 
condition if, for each n G N, there exists m G N such that f n k{Xk) = 
fnm{X m ) for all k>m. 

Lemma 4.1 (Mittag-Leffler). If (X n , f nm ) is a projective system of 
nonempty sets which satisfies the Mittag-Leffler condition then its pro- 
jective limit X = hrn X n is not empty. 

Proof. First observe that if (X n , f nm ) is an arbitrary projective se- 
quence of sets, then Property (PS-2) implies that, for each n G N, 
the sequence of sets f n m(X m ), m > n, is non-increasing. The set 
X' n = C\m>n fnm(X m ) is called the set of universal elements in X n 
(cf. [IT]). It is clear that the map f nm induces by restriction a map 
g nm : X' m — > X' n for all n < m and that (X' n ,g nm ) is a projective se- 
quence having the same projective limit as the projective sequence 



Suppose now that all the sets X n are nonempty and that the pro- 
jective sequence (X n , f nm ) satisfies the Mittag-Leffler condition. This 
means that, for each n G N, there is an integer m > n such that 
fnk(X k ) = f n m{X m ) for all k > m. This implies X' n = f nm (X m ) so 
that, in particular, the set X' n is not empty. We claim that the map 
g n , n +i '■ X' n+l — > X' n is surjective for every n G N. To see this, let n G N 
and x' n G X' n . By the Mittag-Leffler condition, we can find an integer 
p > n + 1 such that f nk (X k ) = f np (X p ) and f n +i,k{ X k) = fn+i, P ( X p) 
for all k > p. It follows that X' n = f np (X p ) and X' n+l = f n+ltP (X p ). 
Consequently, we can find x p G X p such that x' n = f np (x p ). Setting 
x' n+1 = f n+1 , p (x p ), we have x' n+1 G X' n+1 and 

gn,n+l{% n +i) = /n,n+l(^ : n+l) = /n,n+l ° fn+l,p( x p) = fnp{%p) = % n - 

This proves our claim that g n , n +i is onto. Now, as the sets X' n are 
nonempty, we can construct by induction a sequence (x' n ) n£ fq such that 
x' n = g njn+ i(x' n+1 ) for all n G N. This sequence is in the projective limit 
\^mX' n = l^mX n . This shows that l^mX n is not empty. □ 

Theorem 4.2. Let G be a countable group and let V be a finite- 
dimensional vector space over a field K. Let r: X — > V G be a linear 
cellular automaton, where X C V G is a linear subshift. Then r(X) 
is closed in V G for the prodiscrete topology and is therefore a linear 
subshift of V G . 

Proof. Since G is countable, we can find a sequence (A n ) n( z?q of finite 
subsets of G such that G = [J neN A n and A n C A n+ i for all n G N. Let 
M be a memory set for r. Let B„ = {g G G : gM G A n }. Note that 
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G = [j neN B n and B n C B n+1 for all n G N. Denote by ir An : V G -> 
and ttb„ '■ V G —> V Bn , n G N, the corresponding projection maps. 

Since M is a memory set for r, it follows from ( II. 2p that if x and x' are 
elements in X such that iTA n (x) = 7TA n ( x ') then itB n (j( x )) = n B n (T~(x')). 
Therefore, given x n G iTA n (X) and denoting by x n any configuration in 
X such that 7TA„(£n) — x m the element 



does not depend on the particular choice of the extension x n . Thus 
we can define a map r n : tta„(X) — > V Bn by setting r n (x n ) = y n for all 
a^n G ^AniX). It is clear that r n is K-linear. 

Let now y G V G and suppose that y is in the closure of t(X). Then, 
for all n G N, there exists z n G X such that 



Consider, for each n G N, the affine subspace X n C 7T J 4 n (X) defined 
by X n = T~ 1 (n Bn (y)). We have X n ^ for all n by ( TO) . For 
n < m, the restriction map 7r j 4 m (X) — > 7iA n (X) induces an affine map 
f nm : X m — > X n . Conditions (PS-1) and (PS-2) are trivially satisfied 
so that (X n , f nm ) is a projective sequence. We claim that (X n , f nm ) 
satisfies the Mittag-Leffier condition. Indeed, consider, for all n < m, 
the affine subspace f n m{X m ) C X n . We have f n m>{X m >) C f nm {X m ) 
for all n < m < m' since f nm > = f nm o f mm ,. As the sequence f nm {X m ) 
(m — n, n + 1, . . . ) is a non-increasing sequence of finite-dimensional 
affine subspaces, it stabilizes, i.e., for each n G N there exists an integer 
m > n such that f n k(X k ) = f nm {.X m ) if k > m. Thus, the Mittag- 
Leffier condition is satisfied. It follows from Lemma 14.11 that the pro- 
jective limit limX n is nonempty. Choose an element (x n ) ng N G |imX n . 
We have that x n+ i coincides with x n on A n and that x n G 7r^ n (X) for 
all n G N. As X is closed in V G and G = U ne fqA n , we deduce that 
there exists a (unique) configuration x G X such that x\a u = x n for all 
n. We have t(x)\ b „ = r n (x n ) = y n = y\ Bn for all n. Since G = U neN S n , 
this shows that r(x) = y. □ 

Corollary 4.3. Let G be a countable amenable group, T = {Fj)j e j a 
right F0lner net for G, and V a finite- dimensional vector space over a 
field K. Let r: X —^Y be a linear cellular automaton, where X, Y C 
V G are linear subshifts such that mdimj-(X) = mdimj-(V) and Y is 
strongly irreducible. Then the following conditions are equivalent: 

(a) r is surjective; 

(b) mdimjr(r(A)) = mdimjr(X). 

Proof. The implication (a) =>■ (b) is trivial. Conversely, suppose that 
mdimjr(r(A)) = mdimjr(X). Theorem H72] implies that r(X) is a linear 
subshift of V G . As t(X) C Y, it then follows from Proposition 13. 21 that 
t(X) = Y. Thus, r is surjective. □ 



Vn = ^B n (r(x n )) G V 



B. 



(4.1) 



KB n (y) = vr Bn (r(z n )). 
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Proof of Theorem \1.4 



Let X C V G be a strongly irreducible linear 
subshift and suppose that r: X — > X is an injective linear cellular 
automaton. Let us show that r is surjective. Let T = (Fj)j &J be a 
right F0lner net for G. We know that t(X) is a linear subshift by 
Theorem 14.21 As r induces a bijective linear cellular automaton from 
X onto t(X), we have mdimj-(r(X)) = mdimjr(X) by using Corollary 
12.81 Since X is strongly irreducible, this implies that r is surjective by 

□ 



Corollary 14.31 Thus X is L-surjunctive. 



5. The closed image property for linear subshifts of 

finite type 

In this section we show that Theorem 14.21 remains true for any (pos- 
sibly uncountable) group G if we add the hypothesis that the linear 
subshift X C V G is of finite type. The proof relies on the fact that a 
subshift of finite type can be factorized along the left cosets of any sub- 
group containing a defining window. In order to state this last result 
in a more precise way, let us first introduce some notation. 

Let G be a group and let A be a set. Let if be a subgroup of G and 
denote by G/H = {gH : g G G} the set consisting of all left cosets of 
H in G. For every coset c G G/H, we equip the set A c = Yl g ec^ with 
its prodiscrete topology and we denote by tt c : A g — > A c the projection 
map. Since the cosets c G G/H form a partition of G, we have a natural 
identification of topological spaces 

a°= n a c . 

ceG/H 

With this identification, we have x = {x\ c ) ci =g/h for each x G A G , where 
x\ c = Tf c (x) £ A c is the restriction of the configuration x to c. 

Given a coset c G G/H and an element g G c, let (fi g : H — > c denote 
the bijective map defined by 4> g (h) = gh for all h G H . Then (j> g induces 
a homeomorphism 0* : A c — > A H given by <f)* g (y) = y ° <p g for all y G A c . 

Proposition 5.1. Let G be a group and let A be a set. Let X C A 6e 
a subshift of finite type. Let D C G be a defining window and L C A D 
a defining law for X, so that X = Xg{D,L). Suppose that H is a 
subgroup of G such that D C H. Then one has 

(i) X = YlceG/H where X c = n c (X) C A c denotes the projection 
of X on A c ; 

(ii) X H = X H (D,L); 

(iii) (f)*g(X c ) = X H for all c G G/H and gee. 

Proof. In order to establish (i), it suffices to show that ricec/H 

X C CX 

since the converse inclusion is trivial. Suppose that x = (x\ c ) c£ g/h £ 
ELeG/H -^c- Let g G G and consider the left coset c = gH . Then we 
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can find i£l such that x\ c = x\ c . As gD C gH = c, we have 

(g~ 1 x)(d) = x(gd) = x(gd) = (g~ 1 x)(d) 

for all d £ D. It follows that (<7 _1 50|.d = (g~ 1 x)\o G L for all g £ G. 
We deduce that x G X G (D, L) = X. This completes the proof of (i). 

If x G X then {h~ l x\ H )\ D = (h~ 1 x)\ D G L for all h £ H. Thus, 
we have X H C X H (D,L). Conversely, suppose that y G X H (D,L). 
Choose a complete set of representatives R C G for the left cosets of 
H in G and consider the configuration x G A G defined by x{rh) = y{h) 
for all r G i? and h £ H . Then we clearly have x G Xg(.D, L) = X and 
2r|# = y. Thus Xh(D,L) C X#. This completes the proof of (ii). 

Let now c £ G/H and g G c. In order to prove 

(5.1) <^(X C ) C Xh, 

let y c G 0*(X C ). Then there exists a (unique) x c G X c such that 
2/c = 0g(£c)- Let x G X such that 7r c (x) = x c . For all /t G H and 
d £ D, we have 

(h~ 1 y c )(d) = y c {hd) = x c (ghd) = x(ghd) = (ghy 1 x(d), 

so that, {h~ l yc)\r) = ((gh)^ 1 x)\D G L since x £ X = X G (D,L). This 
shows that y c £ X H (D, L) = X H and (15.1 p follows. Conversely, suppose 
that xh G Xh and consider the configuration x c = 4>g{xn) G A c . Let 
us show that x c £ X c . Since xh G we can find a configuration 
x £ X such that x/f = x\h- Setting y = gx £ X, we have 

y(gh) = g~ l y(h) = x(h) = x H (h) = x c (gh), 

for all h £ H. Thus x c = y\ c £ X c . This gives Xh C 0*(X c ). From 
this and (15.11) we finally deduce (iii). □ 

Corollary 5.2. Suppose that G is a group which is not finitely gener- 
ated. Then: 

(i) if A is a set and X C A G is a subshift of finite type which is not 
reduced to a single configuration then X is infinite; 

(ii) if V is a vector space over a field K and X C V G is a linear 
subshift of finite type which is not reduced to the zero configuration 
then X is infinite-dimensional (as a vector space over¥±). 

Proof. Let A be a set, X C A G a subshift of finite type, and D C G 
a defining window for X. Let H denote the subgroup of G gener- 
ated by D. Observe that H is of infinite index in G since G is not 
finitely generated. With the above notation, we have X = rLeG/H X c 
by Proposition 15.11 Moreover, for all c G G/H and g £ c, we have 
4>* g (X c ) = X H . As all the maps 4>* are bijective, we deduce that X is 
either reduced to a single configuration or infinite. This proves (i). 

Suppose now that A = V is a vector space over some field K. Then 
X c is a vector subspace of V c and 0* : X c — > Xh is an isomorphism of 
K- vector spaces for all c G G/H and g £ c. As X = YlceG/H X c , we 
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conclude that X is either reduced to the zero configuration of infinite- 
dimensional. This shows (ii). □ 

Example 5.1. Let G be a group which is not finitely generated and let 
V be a nonzero finite-dimensional vector space over a field K. Suppose 
that G is a finite index subgroup of G. Consider the linear subshift 
X C V G consisting of the configurations x G V G which are fixed by 
each element of Go- We clearly have dim(X) = [G : Go] dim(V) < oo. 
Thus X is not of finite type by Corollary 15.21 (ii). 

Theorem 5.3. Let G be a (possibly uncountable) group and let V be 
a finite- dimensional vector space over a field K. Let r : X — > V G be a 
linear cellular automaton, where X C V G is a linear subshift of finite 
type. Then t(X) is closed in V G for the prodiscrete topology and is 
therefore a linear subshift ofV G . 

Proof. Let M C G be a memory set and [i : V M — > V a local defining 
map for r. Also let D C G be a defining window for X and denote by 
H the subgroup of G generated by M and D. Note that H is finitely 
generated since both M and D are finite sets. 

Setting X c = 7r c (X) for al c G G/H, we have X = Y\ c( z G / H X c by 
Proposition 15.11 On the other hand, if x G X, c G G/H, and g G c then 
r(x)(g) depends only on the restriction of x to c, since gM C gi? = c. 
This implies that r may be written product 

(5.2) r= J] r c , 

c&G/H 

where r c : X c — > V c is the unique map which satisfies t c (x\ c ) = (r(x))\ c 
for all x G X. Note that : Xh — >■ ^ H is the linear cellular automaton 
over if with memory set M C H and local defining map \i. 

Let us show that the maps r c and r# are conjugate by <fi*, that is, 

(5-3) r c =(0p- 1 or H o^. 

Let G X c and let a: G X extending x. For all /i G H , we have 

(^or c )(y)(/i) = ^(r c (y))(/i) 

= (r c (y) °<P g )(h) 

= T c (y)(gh) 

= r(x)(gh) 

= g- 1 r(x)(h) 

= r(g~ 1 x)(h), 

where the last equality follows from the G-equivariance of r. Now 
observe that the configuration g~ x x G X extends x o cj) g G Xjy. Thus, 
we have 



(0; o r e )(x)(/») = r H (x o 4 g )(h) = T H (cj>l(x))(h) = (r H o 0*)(x)(/ l ). 
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This shows that 0*or c = r#o0*, which gives ( 15 .3p since 0* is bijective. 

As the subgroup H C G is finitely generated and therefore countable, 
we deduce from Theorem 14.21 that r H (X H ) is closed in V H for the 
prodiscrete topology. Since 0* is a homeomorphism, it follows that 

T C (X C ) = {^{TniXH)) 

is closed in V c for all c & G/H. Thus, 

r(x) = n Tc(r(x)) = n ^PQ 

cgg/h ceG/i? 
is a closed subspace of V G . □ 

Corollary 5.4. Let G be a (possibly uncountable) amenable group, 
J 7 = (Fj)j(zj a right F0lner net for G, and V a finite- dimensional 
vector space over a field K. Let r : X — > Y be a linear cellular automa- 
ton, where X, Y C V G are linear subshifts satisfying mdinij-(X) = 
mdimj-(y). Suppose that X is of finite type and that Y is strongly 
irreducible. Then the following conditions are equivalent: 

(a) r is surjective; 

(b) mdimjr(r(X)) =mdimj-(X). 

Proof. The implication (a) =>- (b) is trivial. Conversely, suppose that 
mdimj-(r(X)) = mdimjr(X). Theorem 15 . 31 implies that t(X) is a linear 
subshift of V G . As t(X) C Y, it then follows from Proposition 13. 21 that 
t(X) = Y. Thus, t is surjective. □ 

6. Proof of the Garden of Eden theorem 

This section contains the proof of Theorem 11.21 Let us start by the 
following: 

Theorem 6.1. Let G be an amenable group, T = (Fj)j e j a right 
F0lner net for G, and V a finite- dimensional vector space over a field 
K. Let X C V G be a strongly irreducible linear subshift of finite type 
and let r: X — >■ V G be a linear cellular automaton. Then the following 
conditions are equivalent: 

(a) r is pre-injective; 

(b) mdim jr(r(X)) =mdimj-(A). 

For the proof of (a) =>• (b) in Theorem 16. 1[ we shall use the following: 

Lemma 6.2. Let G be a group and let V be a finite- dimensional vector 
space over a field K. Let X C V G be a strongly irreducible linear 
subshift of finite type and suppose that M is a finite subset of G such 
that X is M -irreducible, 1q G M, and M~ l is a defining window for 
X. Then, given any configuration x G X and any finite subset Q C G, 
there exists a configuration z G X which coincides with x on Q and is 
identically zero on G\ Q +M . 



18 TULLIO CECCHERINI-SILBERSTEIN AND MICHEL COORNAERT 

Proof. Let x G X and Q C G a finite subset. Note that we have the 
inclusions SI C fi +M C Vt +Ap C fi +M3 since 1 G G M. As both x and 
the zero configuration belong to X and X is M-irreducible, we can find 
a configuration z' G X which coincides with x on Q and is identically 
zero on Q +m3 \ fl +M . Now consider the configuration z G V G which 
coincides with z' on Q +Al3 and is identically zero on G\tt+ M . Observe 
that if g G Q +m2 then gM~ x C fi +A/3 and therefore z coincides with 2' 
on gM' 1 , while if g G G \ fi +M2 then c/ikT 1 cG\ fi +M and therefore 
z is identically zero on gM^ 1 . As both z' and the zero configuration 
belong to X and M _1 is a defining window for X, we deduce that 
z £ X. On the other hand, z coincides with x on Q and is identically 
zero on G \ Q +M . Consequently, z has the required properties. □ 

Proof of (a) =>■ m Theorem \6.1[ Suppose that mdinijr(r(A)) < mdimj-(A). 
Let Y = t(X). Let M C G be a memory set for r. Up to enlarging 
the subset M if necessary, we can also suppose that \ G G M and that 
X is M-irreducible and admits M _1 as a defining window. 

We first observe that tt +M 2(Y) is a vector subspace of 7i>.(Y) x 

V j x J so that we have 

(6.1) dim(7r F+M 2(Y)) < dim(n Fj (Y)) + |F+ A/2 \ F d \ dim(V). 

j 

On the other hand, as (Fj)j^j is a right F0lner net for G, we have 

I F +M2 \ F I 
hm ' ** , ; J ' =0 
l^il 

by (12. ip . Therefore, after dividing the two sides of (16. ip by \Fj\ and 
taking the limsup over j, we get 

dim(7r F+M2 (F)) &m(n F .(Y)) , 
limsup j-^-j < limsup — = mdimjr(Y). 

As mdim^r(y) < mdirn^AT) by our assumption, this implies that there 
exists jo G J such that 

(6.2) dim(7r +M2 (F)) < dim(7r Fjo (X)). 

Consider now the finite-dimensional vector subspace Z G X consist- 
ing of all configurations z G X whose support {g G G : z(gf) 7^ 0} is 
contained in _F +M . By virtue of Lemma [6.21 we have 



(6.3) 



^ 30 (Z) = n Fjo (X). 
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On the other hand, we deduce from Proposition 12.21 that r(z) is iden- 
tically zero on G\F+ M for every z E Z. Consequently, we have 

dim(r(Z)) = dim(7r +m2 (t(Z))) 

jo 

< dim(7r +M 2(Y)) 

JO 

<dim(vr Fjo (X)) (byP) 
= dim(7r Fjo (Z)) (by(E3D). 

As dim(ir F jQ {Z)) < dim(Z), this implies dim(r(Z)) < dim(Z). It fol- 
lows that we can find two distinct configurations -21,-22 £ Z such that 
r(,2i) = t{z2). Since all configurations in Z coincide outside F^ M , this 
shows that r is not pre-injective. □ 

For the proof of (b) =>- (a), we shall use the following: 

Lemma 6.3. Let G be a group and let V be a finite- dimensional vector 
space over a field K. Let X C V G be a linear subshift of finite type and 
let D be a defining window for X with 1q E D. Let (Oj) j e j be a family 
of subsets of G such that £lf D D Vt^ D = /or all distinct i,j G 2. Also 
let (xi)i e i be a family of configurations in X such that the support of 
Xi is contained in fij for each i £ I . Then the configuration x G V G 
defined by x(g) = Xi(g) if g G Qi for some (necessarily unique) i G I 
and x(g) = otherwise, satisfies x G X . 

Proof. If g G for some (necessarily unique) i G / then a; coincides 
with Xi on gD. Otherwise, x is identically zero on gD. As D is a 
defining window for X, this shows that x & X. □ 

Proof of (b) =>■ (a) in Theorem \6.1[ Suppose that r is not pre-injective. 
This means that we can find a configuration xo G X with finite sup- 
port Q = {g e G : x (g) ^ 0} 7^ satisfying r(x ) = 0. Let M be a 
memory set for r. We can also assume that 1q G M, that M = M _1 , 
and that M is a defining window for X. Let 22 = Q +M . Then, by 
Lemma 12.41 we can find a finite subset F C G and an (E, 2 ? )-tiling 
T C G. Note that, for each g E G, the support of the configuration 
gx is the set gfl. As gfi C gVL +M , this implies ^gn+M(gx ) 7^ 0. Let 
us choose, for each g E T, a hyperplane 22" 9 C 7t 9 ^+a/(X) such that 
ir gQ +M(gx ) 4- H g . 

Consider now the vector subspace Y G X consisting of all the con- 
figurations y E X which satisfy TT g n+M(y) E H g for all g E T. We 
claim that t(Y) = r(X). To see this, let x be an arbitrary configu- 
ration in X. Then, for each g E T, there exists a scalar X g E K such 
that n g n+M(x + \ g gx ) E H g . Now observe that (gVL) +M n (g'Vt) +M C 
gE n g'E = for all distinct g,g' E T (cf. the defining property (T- 
1) of a tiling in Section \2.3\) . Since X is of finite type with defining 
window M and 1q E M, it follows from Lemma 16.31 that we can find 
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a configuration x' G X such that 7i g n(x' ) = irgn(\ g gxo) for all g G T 
and x' is identically zero outside U 9 gt 9^- Note that in fact we have 

(6.4) 7r s n+M 2 ( x o) = Kgn+M* (X g gx ) 

for each g G T, since the configuration gx is identically zero outside 
gQ. 

Consider the configuration y = x + x' . By construction we have 
y G Y. Let us show that r(y) = t(x). Since y = x outside U g&T gD,, 
we deduce from Proposition 12.51 that r(y) and r(x) coincide outside 
IJgeT g^l +M ■ Now, if h G gQ +M for some (necessarily unique) g G T, 
then /iM = /iM" 1 C gtt +M ' 2 and therefore 
r(y)(/i) = r(x + x' )(h) 

= t(x + X g gx )(h) (by(j63D) 

= r(x)(h) + X g gr(x ) (by linearity and G-equivariance of r) 

= r(x)(h) (since £0 is in the kernel of r). 

Thus t(x) = r(y). This proves our claim that t(X) = t(Y). 
Using Proposition I2.5[ we deduce that 

(6.5) mdimjr(r(X)) = mdimjr(r(y)) < mdimjr(y). 

Now observe that, for all g G T, we have (gxo)\ n +M G n gn +M(X) \ 
TTgn+M (Y) and hence 

7T g Q+M(Y) C TT gn+ M(X). 



Therefore, we can apply Lemma 13.11 to the strongly irreducible linear 
subshift X and the vector subspace Y C X by taking A = M and 
D = Q +M . This gives us mdinijr(y) < mdimj-(X) which, combined 
with (16. 5p . implies mdimjr(r(X)) < mdimj-(X). □ 



This completes the proof of Theorem 16.11 

Corollary 6.4. Let G be an amenable group, T = (Fj)j eJ a right 
F0lner net for G, and V a finite-dimensional vector space over a field 
K. Let r : X — >■ Y be a linear cellular automaton, where X, Y C V G 
are linear subshifts satisfying mdimjr(X) = mdinijr(F). Suppose that 
X is strongly irreducible of finite type and that Y is strongly irreducible. 
Then the following conditions are equivalent: 

(a) r is surjective; 

(b) mdimjr(r(X)) = mdimjr(X); 

(c) t is pre-injective. 

Proof. The equivalence of conditions (a) and (b) follows from Corol- 
lary EH The equivalence between conditions (b) and (c) follows from 
Theorem 16.11 □ 



Proof of Theorem This follows immediately from the equivalence 
between conditions (a) and (c) in Corollary 16.41 bv taking X = Y. □ 
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7. Pre-injective but not surjective linear cellular 

automata 

In this section we give examples of pre-injective but not surjective 
linear cellular automata r: X — > X, where G is a group, V is a finite- 
dimensional vector space, and X C V G is a linear subshift. We recall 
that Theorem 1 1 . 21 implies that there is no such example with X strongly 
irreducible of finite type, and in particular with X = V G , if the group 
G is amenable. When G contains a nonabelian free subgroup and 
dim(V) = 2, one can construct a linear cellular automaton r: V G — » 
V G which is pre-injective but not surjective. This was done in 0, 
Example 4.10] for free groups of rank 2 in a more general setting, 
namely for linear cellular automata whose alphabet is a module over 
any nonzero ring. 

Proposition 7.1. Let G be a group and let V be a 2- dimensional vec- 
tor space over a field K. Suppose that G contains a nonabelian free 
subgroup (e.g. G is a nonabelian free group). Then there exists a 
linear cellular automaton r: V G — > V G which is pre-injective but not 
surjective. 

Proof. We may assume V = K 2 . Let p\ and p 2 be the endomorphisms 
of V defined respectively by piiy) = (Ai,0) and P2{v) = (A2,0) for all 
v = (Ai, A2) G V. Let a and b be two elements in G generating a free 
subgroup of rank 2. Consider the map r : V G — > V G given by 

r(x)(g) = px{x{ga)) + p 2 (x(gb)) + p^x^ga' 1 )) + p 2 (x(gb~ 1 )) 

for all x G V G and g G G. Clearly r is a linear cellular automaton 
admitting M = {a, b, a" 1 , b^ 1 } as a memory set. We have t(V g ) C 
(K x {0}) G ^ V G so that r is not surjective. 

Let us show that r is pre-injective. Suppose it is not. Then there 
exists a configuration xo G V G with nonempty finite support Q C G 
such that r(x ) = 0. Let F denote the free subgroup generated by a 
and b. Choose a left coset Co G G/F such that Co meets fl. The coset 
Co may be viewed as a regular tree of degree 4 by joining two elements 
g,h G c<) if and only if h~ x g G M . Consider now an element go G f2 
which is an ending point of the minimal tree spanned by Cq fl Q in the 
tree Cq. Observe that, among the four elements in cq which are adjacent 
to go, there are at least three elements outside Q. As go is in the support 
of x , we must have pi(x (g )) ^ or p 2 (x (go)) ^ 0. If pi(x (g )) ^ 0, 
let us choose g± outside fl such that go = g±a or g = g\0T x . This gives a 
contradiction since go is then the only element in Q which is adjacent to 
gi so that ([7]) implies r(x)(gi) = Pi(x(go)) 7^ 0. If Pi(xo(go)) = then 
p 2 (^o(fl , o)) 7^ 0. In this case, we choose an element g 2 outside fl such 
that 5-0 = 92b or 5-0 = 92b' 1 . We then get r(x (g 2 )) = p 2 (^o(fl'o)) ^ 
which yields also a contradiction. □ 
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Proposition 7.2. Let G be a group and let V be a one- dimensional 
vector space over a field K. Then: 

(i) if G is infinite, then there exist a linear subshift X C V G and 
a linear cellular automaton r: X — > X which is pre-injective but 
not surjective; 

(ii) if G contains an infinite subgroup of infinite index, then there 
exist an irreducible linear subshift X C V G and a linear cellular 
automaton r : X — > X which is pre-injective but not surjective; 

(iii) if G is not locally finite (e.g. G = 7L), then there exist a linear 
subshift of finite type X C V G and a linear cellular automaton 
t : X — > X which is pre-injective but not surjective; 

(iv) if G contains an infinite finitely generated subgroup of infinite 
index (e.g. G = Z 2 ), then there exist an irreducible linear subshift 
of finite type X C V G and a linear cellular automaton r: X — >• X 
which is pre-injective but not surjective. 



Proof. Suppose that H is an infinite subgroup of G. Consider the 
subset X C V G consisting of the configurations x G V G which are 
constant on each left coset of H. Clearly X is a nonzero linear subshift 
of V G . The linear cellular automaton r: X — >■ X defined by r(x) — 
for all x G X is not surjective. However, r is pre-injective. Indeed, as 
every left coset of H is infinite, any two configurations in X which are 
almost equal must coincide. We obtain (i) by taking H = G. 

If H is of infinite index in G, we can find, for every finite subset 
Q C G, an element g G G so that no left coset of H meets both Q and 
gfl. This shows that X is irreducible and (ii) follows. 

If H admits a finite generating subset D C H, then X is of finite 
type since X = Xg(D,L), where L C V D denote the vector subspace 
of V D consisting of all constant maps from D to V. This shows (iii). 

Finally, if H is both finitely generated and of infinite index in G, 
then X is an irreducible linear subshift of finite type by the preceding 
observations. This gives (iv). □ 



Note that none of the linear subshifts X C V appearing in the proof 
of Proposition 17.21 is strongly irreducible (G amenable or not). Indeed, 
suppose that A is a finite subset of G. Then, as H is infinite, we can 
find an element ho G H which is not in A. The sets Vt\ = {ho} and 
^2 = {1g} satisfy £lf A D f^2 = 0- However, if x\ G V G is a nonzero 
constant configuration, we have x± G X but there is no configuration 
x G X which coincides with x\ on Q\ and with the zero configuration 
on Q 2 - 
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8. SURJECTIVE BUT NOT PRE-INJECTIVE LINEAR CELLULAR 



In this section we describe examples of surjective but not pre-injective 
linear cellular automata r: X — > X, where G is a group, V is a finite- 
dimensional vector space, and X C V G is a linear subshift. We re- 
call that Theorem 11.21 implies that there is no such example with X 
strongly irreducible of finite type, and in particular with X = V G , if 
the group G is amenable. When G contains a nonabelian free sub- 
group and dim(K) = 2, one can construct a linear cellular automaton 
r: V G — > V G which is surjective but not pre-injective. This was done 
in [51 Example 4.11] for free groups of rank 2 in a more general setting, 
namely for linear cellular automata whose alphabet is a module over 
any nonzero ring. 

Proposition 8.1. Let G be a group and let V be a 2- dimensional vec- 
tor space over a field K. Suppose that G contains a nonabelian free 
subgroup (e.g. G is a nonabelian free group). Then there exists a 
linear cellular automaton r : V G — > V G which is surjective but not pre- 
injective. 

Proof. We may assume V = K 2 . Let qi and q 2 be the endomorphisms 
of V respectively defined by q\{y) = (Ai,0) and q 2 {v) = (0, Ai) for all 
v = (Ai, A2) G V. Let a and b be two elements in G generating a free 
subgroup of rank 2. Consider the map r : V G — » V G given by 

r(x)(g) = qi(x(ga)) + qx{x{ga~~ 1 )) + q 2 {x{gb)) + q 2 {x{gb~ 1 )) 

for all x G V G and g G G. Clearly r is a linear cellular automaton 
admitting M = {a, b, a -1 , as a memory set. The configuration 
which takes the value (0, 1) at 1 G and is identically zero on G \ {1g} 
has nonempty finite support and is in the kernel of r. Therefore r is 
not pre-injective. 

Let us show that r is onto. Let z = (zi, z%) G V G . We have to show 
the existence of a configuration x = (xi,xz) G V G such that z = r{x). 
Let F denote the free subgroup of G generated by a and b. For h G F, 
we denote by £(h) the word length of h, that is, the smallest integer 
n > such that h can be written as a product h = Sis 2 ■ • • s n , where 
Si G M for 1 < i < n. Let R C G be a complete set of representatives 
for the left cosets of F in G so that every element g G G can be uniquely 
written in the form g = rh with r G R and h G F . We define x(g) by 
induction on £(h). If £(h) = 0, that is, g G R, we set x(g) = (0,0). If 
£(h) = 1, that is, g = rs for some r G R and s G M, we set 



AUTOMATA 




{zi(r), 0) if s = a, 
(z 2 (r),0) if s = 6, 
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Suppose now that, for some integer n > 2, the value of x has been 
defined at each element of the form rh, where r G R and h E F 
satisfies £(h) < n — 1. Let g = r/i, where r £ R and h E H satisfies 
£(h) = n. Then ft, can be uniquely written in the form h = kss', where 
k G F satisfies £(k) = n — 2 and s,s' G M are such that ss' 7^ 1g- We 
set 



' (zi(rA;s) — xi(rk), 0) 
z 2 (rks), 0) 
zi(rfc),0) 

z 2 (rk) — X2(rks), 0) 
1(0,0) 



if s G {a, a -1 } and s = s', 
if s G {a, a" 1 } and s' = b, 
if s G {6, and s' = a, 
if s G {6, b^ 1 } and s' = s, 
otherwise. 



The configuration x defined in this way clearly satisfies z = t(x). 
shows that r is surjective. 



This 

□ 
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